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,' %&$"8$".$%- '/% -3".' M −1/3 '% #"& 1+0/-62'0% .C-62"%$+0 ,C-:+.2%$+0 ,' .C'0,+55"3'5'0%
,':$'0% ;
w˙ =

λpl
1− w
(−Y
S0
)b
δ{ε≥εd} /$ Tx ≥ 0
λpl
1− hw
(−Y
S0
)b
δ{ε≥εd} /$
−1
3
< Tx ≤ 0
0 /$ Tx ≤ −1
3
<()=I?
+N δ{ε≥εd} =
{
1 /$ ε ≥ εd
0 /$ ε < εd
>O
 !"#$%&' () *+,-.$/"%$+0 ,'/ #&+1-,-/ $0,2$/"0% ,'/ 3&"0,'/ ,-4+&5"%$+0/ #."/%$62'/
7' %"8.'"2 /2$9"0% &'3&+2#' .'/ -62"%$+0/ ,' ." .+$ ,' 1+5#+&%'5'0% -."/%+#."/%$62' '0:
,+55"3'"8.' 62' 0+2/ "9+0/ ';#+/-' #&-1-,'55'0% '% 62$ '/% ",+#%-' ,"0/ 1'%%' -%2,')
• ." ,-1+5#+/$%$+0 '0 #"&%$' -."/%$62' '% '0 #"&%$' #."/%$62' ,2 ,-9$"%'2& ,2
%"2; ,' ,-4+&5"%$+0
e˙ = e˙e + e˙pl
• 1+5#+&%'5'0% -."/%$62' 1+2#.- < .='0,+55"3'5'0%
s˙ = 2µ(1− hw)e˙e − hw˙
1− hws
• .' 1&$%>&' ,' #."/%$1$%- ,'  !" #$%&%
f(s, r, w) =
1
1− hw
√
3
2
s : s− σ0(r)
• -1&+2$//"3' $/+%&+#'
σ0(r) = K(r0 + r)
n
• -62"%$+0/ ,=-9+.2%$+0
e˙pl =
3λpl
2(1− hw)2σ0(r)s r = (1− hw)ε λ
pl = (1− hw)ε˙
w˙ =
λpl
1− hw
(−Y
S0
)b
δ{ε≥εd}δ{−1
3
<Tx} 0 ≤ w < wc +& w = 1
• 1+0,$%$+0/ ,' 1!"&3'5'0%
f ≤ 0 λpl ≥ 0 fλpl = 0
?(
 !"#$%&' () *+,-.$/"%$+0 ,'/ #&+1-,-/ $0,2$/"0% ,'/ 3&"0,'/ ,-4+&5"%$+0/ #."/%$62'/
 !" #$%&'()*$%
7+2/ "8+0/ &"##'.- .'/ -62"%$+0/ ,' ." /$52."%$+0 ,'/ #&+1-,-/ $0,2$/"0% ,'/ 3&"0,'/ ,-9
4+&5"%$+0/ #."/%$62'/) :' #&+;.<5' '/% 4+&52.- '0 /=/%<5' ,>-62"%$+0/ ? ,'2@ $01+002'/A .'/
1!"5#/ ,' 8$%'//' '% ,' #&'//$+0)  ' 1!+$@ '/% B2/%$ﬁ- #"& .>"##"&$%$+0 ,'/ $0/%";$.$%-/ .+&/62'
.'/ ,-4+&5"%$+0/ #&+8+62-'/ /+0% $01+5#&'//$;.'/ +2 62"/$ $01+5#&'//$;.'/)  '/ $0/%";$.$%-/
/+0% .$-'/ ? .>"##&+@$5"%$+0 -.-5'0%/ ﬁ0$/ '0 4+&52."%$+0 &-,2$%' '0 8$%'//')
7+2/ "8+0/ '@#+/- 20' .+$ ,' 1+5#+&%'5'0% -."/%+#."/%$62' '0,+55"3'";.' '@#&$5-' '0
#"&%$' /#!-&$62' '% '0 #"&%$' ,-8$"%+&$62') D0' .+$ ,>-8+.2%$+0 ,' .>'0,+55"3'5'0% 1+2#.-'
"8'1 ." ,-4+&5"%$+0 #."/%$62'A '% ;"/-' /2& 20 #+%'0%$'. ,' ,$//$#"%$+0 #+/%2.- #"&  !";+1!' '%
:'5"$%&' " -%- #&-/'0%-')  ' 5+,<.' ,>'0,+55"3'5'0% 0+2/ /'5;.' #&-/'0%'& ,'/ 1"&"1%-&$/9
%$62'/ /2ﬃ/"0%'/ #+2& &'#&-/'0%'& 1+&&'1%'5'0% .' #!-0+5<0' ,' .>'0,+55"3'5'0% ,21%$.') F.
/>"3$% ,>20' "##&+1!' #!-0+5-0+.+3$62' '% 5"1&+/1+#$62' #"&%$12.$<&'5'0% ","#%-' ? .>-%2,'
,' #&+;.<5'/ $0,2/%&$'./)
:'/ '0&$1!$//'5'0%/ "##+&%-/ ? ." .+$ ,>-8+.2%$+0 ,' .>'0,+55"3'5'0% 8$/'0% ? -."&3$& /+0
2%$.$/"%$+0 ? ,'/ 1+0ﬁ32&"%$+0/ 1+5#+&%"0% ,'/ /+..$1$%"%$+0/ 0+0 5+0+%+0'/ '% 52.%$"@$".'/)
GH
 !"#$%&' (
 !"#$%&"'(! !)*#%'+), -.)!, /('
#/&0"(1/&0"'+), ,!-(**&$,&2/, -&!0
)!, 3(%*)/&"'(! *'4", 5'",00,61%,00'(!
 !""#$%&
 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-
 ! #$%./&0%+'$ () 1&'23456 5.*0$+7)6 /3'203 ! ! ! ! ! ! ! ! ! ! ! ! ! ,-
 ! !" #$%%&' (&) *+,$-./0) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 12
 ! ! 3/45,'$-./0 6$.7'& 8.-&))& %4&))./0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 19
 ! !1 :.);4*-.)$-./0 *'*5&0-) ﬁ0.) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 19
 !, #$%./&0%+'$ (6 30 3'+ (6 *'51'&%656$% .308%'1308%+7)6 6$('59
50/60236 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -:
 !1!" =;>*5$ 0,5*4.+,& &- .0-*?4$-./0 (& '$ '/. ;/0)-.-,-.8& ! ! ! ! ! ! ! ! 2@
 !1! A%*4$-&,4 -$0?&0- ;/>*4&0- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 21
 !1!1 B'?/4.->5& (C.0-*?4$-./0 '/;$'& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 29
 !- ;03+(0%+'$8 $)5.&+7)68 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -<
 !2!" D'$)-.;.-* '.0*$.4& E ;$) -&)- (& '$ %'$+,& -4/,*& ! ! ! ! ! ! ! ! ! ! ! ! 2F
 !2! D'$)-/%'$)-.;.-* E ;G'.0(4& )/,) %4&))./0 .0-&40& ! ! ! ! ! ! ! ! ! ! ! ! 9@
 !2!1 H0(/55$?&5&0- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 91
 != >'$*3)8+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! =?
 !"#$%&"'(! !)*#%'+),
 !" #$%&'()*%+'$
-& %#.(/)"'(! !)*#%'+), 0,. #+)&"'(!. !(! /'!#&'%,. 0) 1%(2/3*, *#4&!'+), ,." 2&.#, .)%
)!, &11%(45, '!4%#*,!"&/, ," )! &/$(%'"5*, '"#%&"'6 0,  !"#$%7 8&%"&!" 0, /& 4(!ﬁ$)%&"'(!
'!'"'&/,: (! (2"',!" )!, .)'", 0, 4(!ﬁ$)%&"'(!. #+)'/'2%#,. ;).+)<= /& 4(!ﬁ$)%&"'(! ﬁ!&/,7 -&
0#",%*'!&"'(! 0, 4,. 4(!ﬁ$)%&"'(!. #+)'/'2%#,. ,." %#&/'.#, 1&% )!, '!"#$%&"'(! .1&"'&/, 0)
1%(2/3*, *#4&!'+), $/(2&/ 1&% /& *#"5(0, 0,. #/#*,!". ﬁ!'. *'>",.: ," )!, '!"#$%&"'(! !)?
*#%'+), /(4&/, 0, /& /(' 4(!."'")"'@,7
-<'!"#$%&"'(! /(4&/, 1,%*," 0, 0#",%*'!,% /<#@(/)"'(! !(! /'!#&'%, 0,. @&%'&2/,.: ,//, !#?
4,..'", A
B )! .45#*& 0, 0'.4%#"'.&"'(! ",*1(%,//, ," )! &/$(%'"5*, 0<'!"#$%&"'(! !)*#%'+), 1,%?
*,""&!" /& 0#",%*'!&"'(! 0,. @&%'&2/,. 0, /& /(' 0, 4(*1(%",*,!" &) 4()%. 0, /& .'*)?
/&"'(! C
B )!, *&"%'4, "&!$,!", 4(!.'."&!", &@,4 4, .45#*&: 0, *&!'3%, = (2",!'% )!, %#.(/)"'(!
0,. #+)&"'(!. 0, 4(!.,%@&"'(! +)' .('" &)..' ,ﬃ4&4, +), 1(..'2/,7
E&!. /& 0,)>'3*, .,4"'(! 0, 4, 45&1'"%,: (! ,>1(., /& *#"5(0, 0,. #/#*,!". ﬁ!'. *'>",.
1()% /& %#.(/)"'(! 0) 1%(2/3*, *#4&!'+), $/(2&/7 F! %&11,//, /,. #"&1,. 0) 1&..&$, 0<)!
.G."3*, 0<#+)&"'(!. &)> 0#%'@#,. 1&%"',//,. ;).+)<&) .G."3*, /'!#&'%, = '!@,%.,%7
E&!. /& "%('.'3*, .,4"'(!: (! .<'!"#%,.., &)> &.1,4". !)*#%'+),. /'#. = /<'!"#$%&"'(! 0, /& /('
0, 4(*1(%",*,!" #/&."(1/&."'+), ,!0(**&$,&2/,: !("&**,!": /, 45('> 0) .45#*& !)*#%'+),:
/, *(0)/, "&!$,!" 4(5#%,!" &@,4 4, .45#*&: ," /<&/$(%'"5*, 0<'!"#$%&"'(!7 -& +)&"%'3*, .,4"'(!
,." 0#0'#, &)> @&/'0&"'(!. 0, 4,. 0#@,/(11,*,!".7
 ! #$%,-&.%+'$ () /&'01234 3,*.$+5)4 -1'0.1
-<'!"#$%&"'(! .1&"'&/, 0,. #+)&"'(!. 0'ﬀ#%,!"',//,. 0) 1%(2/3*, ,." %#&/'.#, 1&% /& *#?
"5(0, 0,. #/#*,!". ﬁ!'.7 E&!. /, 4&0%, 0, /& *(0#/'.&"'(! 0,. $%&!0,. 0#6(%*&"'(!.: 4,"",
*#"5(0, !)*#%'+), 1,)" %,!4(!"%,% 0,. 0'ﬃ4)/"#. 1()% "%&'",% /& +)&.'?'!4(*1%,..'2'/'"# 0,
/<#4()/,*,!" 1/&."'+), 0, /& *&"'3%,7 8()% G %,*#0',%: !(). )"'/'.(!. )!, 6(%*)/&"'(! *'>",
@'",..,?1%,..'(!7
 ! !" #$%%&' (&) *+,$-./0)
-, 1%(2/3*, *#4&!'+), 4(*1/," "%&'"&!" /& +)&.'?'!4(*1%,..'2'/'"# 0,. 0#6(%*&"'(!. #/&."(?
1/&."'+),. 4(*1%,!0 /<#+)&"'(! 0<#+)'/'2%,: = /&+),//, '/ 6&)" %&;()",% /<#+)&"'(! &..(4'#, &)
45&*1 @&%'&2/, 0, 1%,..'(!7 -, .G."3*, (2",!): 0<'!4(!!),. /& @'",.., ," /& 1%,..'(!: .<#4%'" A{
div(s)−∇p = 0
−div(v)− 1χ(1−hw) p˙− hw˙χ(1−hw)2 p = 0
IJ7KL
-<#@(/)"'(! 0,. 4(!"%&'!",. (2#'" = /& /(' 4(!."'")"'@, #/&."(1/&."'+), ,!0(**&$,&2/,: ,>?
1(.#, &) 45&1'"%, 1%#4#0,!"7
MN
 !"#$%&"'(! !)*#%'+),
 ! ! "#$%&'()*#+ ,(*-'. /*).00. 1$.00*#+
-! (."',!" /& 0(%*)/&"'(! 0&'./, 1) 232"4*, 15#+)&"'(! 6789: ,! *)/"';/'&!" ;&% 1,2 0(!<=
"'(!2 ",2"2 ," ,! '!"#$%&!" 2,/(! )!, 0(%*)/, 1,  !""#8 >& 0(%*)/&"'(! *'?", @'",22, ;%,22'(!
25#<%'" A
B%()@,% (v, p) ∈ V × L2(Ω) ",/2 +), A
∫
Ω
s(v) : ε˙(u)−
∫
Ω
pdiv(u) =
∫
∂fΩ
(σn).u ∀u ∈ V 0
−
∫
Ω
qdiv(v)−
∫
Ω
q
(
1
χ(1− hw) p˙+
hw˙
χ(1− hw)2 p
)
= 0 ∀q ∈ L2(Ω)
V = {v ∈ (H1(Ω))3; v = v0 2)% ∂vΩ}, V 0 = {v ∈ (H1(Ω))3; v = 0 2)% ∂vΩ}
6787:
L2(Ω) = {u : Ω −→ R /
∫
Ω
u2 <∞}
H1(Ω) = {u ∈ L2(Ω) / ∂u
∂xi
∈ L2(Ω) i = 1 . . . d}
 ! !2 3*04$5)*0()*#+ 5'5%.+)0 ﬁ+*0
>& 1'2<%#"'2&"'(! #/#*,!"2 ﬁ!'2 <(!2'2", D %&*,!,% /, ;%(./4*, @&%'&"'(!!,/ 1#ﬁ!' 2)% 1,2
,2;&<,2 0(!<"'(!!,/2 <(!"'!)2 V ," L2(Ω) 2)% 1,2 2()2=,2;&<,2 15&;;%(?'*&"'(! 1, 1'*,!2'(!
ﬁ!', VhE V0h ," Qh8 >,2 1#ﬁ!'"'(!2 1, <,2 2()2=,2;&<,2 2(!" 1(!!#,2 ;/)2 /('! 1&!2 <,"", 2,<"'(!8
>, 1(*&'!, Ω ,2" &;;%(<F# ;&% Ωh +)' ,2" 1'2<%#"'2# ,! )!, "%'&!$)/&"'(! (Th)h A Ωh =⋃nt
m=1 Tm (G nt ,2" /, !(*.%, 15#/#*,!"2 1, /& "%'&!$)/&"'(!8
>, ;&%&*4"%, h 61,2"'!# D ",!1%, @,%2 H#%(: 1#2'$!&!" /, ;/)2 $%&!1 1'&*4"%, 1,2 #/#*,!"2
1, ThE ," (! 2);;(2, +), /& 0&*'//, Th ,2" %#$)/'4%, &) 2,!2 2)'@&!" A /, +)("',!" 1) 1'&*4"%,
15)! #/#*,!" +),/<(!+), T ∈ Th ;&% /, 1'&*4"%, 1) <,%</, '!2<%'" ,2" *&I(%# ;&% )!, <(!2"&!",
'!1#;,!1&!", 1, h8
J! ,?;%'*&!" 67: 1&!2 <,2 ,2;&<,2 1, 1'*,!2'(! ﬁ!',E (! (."',!" /& 0(%*)/&"'(! *'?",
1'2<%4", 2)'@&!", A
B%()@,% (vh, ph) ∈ Vh ×Qh ",/2 +), A
∫
Ωh
s(vh) : ε˙(uh)−
∫
Ω
phdiv(uh) =
∫
∂fΩh
Th.uh ∀uh ∈ V 0h
−
∫
Ω
qhdiv(vh)−
∫
Ωh
qh
(
1
χ(1− hw) p˙h +
hw˙
χ(1− hw)2 ph
)
= 0 ∀qh ∈ Qh
678K:
L <F&+), #/#*,!" 1, /& "%'&!$)/&"'(! (! &22(<', 1,2 0(!<"'(!2 15'!",%;(/&"'(! ;()% &;;%(=
<F,% /,2 '!<(!!),2 1) ;%(./4*, vh ," ph8  / ,2" .',! <(!!) +),E <(!"%&'%,*,!" &)? ;%(./4*,2
#/#*,!"2 ﬁ!'2 &@,< )!, 2,)/, '!<(!!),E /,2 ;%(./4*,2 *'?",2 '!"%(1)'2,!" )!, <(!"%&'!", 2);=
;/#*,!"&'%, 2)% /& <(*;&"'.'/'"# 1,2 ,2;&<,2 15&;;%(?'*&"'(!8 J! ,ﬀ," /5,?'2",!<, ," /5)!'<'"#
1, /& 2(/)"'(! 1'2<%4", (vh, ph) &'!2' +), 2& <(!@,%$,!<, @,%2 /& 2(/)"'(! <(!"'!),E !, 2(!"
KN
 !"#$%&"'(! !)*#%'+),
$&%&!"'- +), -' .,- ,-/&.,- 01&//%(2'*&"'(! 3#%'ﬁ,!" 5& .(!0'"'(! 0, .(*/&"'6'5'"# 0,  !"##$%
 &'()*& 0'-.%7",8 +)' -1#.%'" 9
∃β > 0 inf
qh∈Qh
sup
vh∈Vh
∫
Ωh
phdiv(vh)
‖ uh ‖ . ‖ qh ‖ ≥ β :;<=>
?,"", .(!0'"'(! 0, .(*/&"'6'5'"# ,2.5)" .,%"&'!- .@('2 01,-/&.,- 01'!",%/(5&"'(! +)' -,*A
65,%&',!" !&")%,5- :/&% ,2,*/5, 9 P1/P0 () P1/P1><
B,- #5#*,!"- 5,- /5)- %#/&!0)- -&"'-C&'-&!" .,"", .(!0'"'(! -(!" 5, *'!' #5#*,!" (P1+/P1)8
51#5#*,!" 0, +&,-.!%/..0 (P2/P1) D;EF ," 51#5#*,!" 0, 1!.2#"$3%!&4$&!5 (P2+/P1discontinue)<
G&!- !("%, .&-8 !()- )"'5'-(!- 51#5#*,!" *'2", 0, /5)- /,"'" 0,$%# P1+/P1 :ﬁ$)%, ;<H><
 !"# ;<H I J,/%#-,!"&"'(! 0, 51#5#*,!" 9 P1+/P1<
?," #5#*,!" & #"# '!"%(0)'" /&% K%!(508 L%,MM' ," N(%"'! D;OF /()% 0,- #.()5,*,!"- 0,
P"(Q,- '!.(*/%,--'65,-< ?1,-" )! #5#*,!" P1/P1 0(!" (! ,!%'.@'" 51'!",%/(5&"'(! 0, 5& 3'",--,
/&% 51&R()" 01)! 0,$%# 0, 5'6,%"# &--(.'# &) .,!"%, 0, $%&3'"# -)% .@&+), #5#*,!" 0) *&'55&$,<
?,- 0,$%#- 0, 5'6,%"# -)//5#*,!"&'%,- 0#ﬁ!'--,!" )!, C(!."'(! 6)55, +)' -1&!!)5, -)% 5& C%(!A
"'7%, 0, .@&+), #5#*,!" 0) *&'55&$,<
Kﬁ! 01&3('% 5, *S*, (%0%, 01'!"#$%&"'(! /()% 5,- C(!."'(!- 6)55, +), /()% 5,- 3'",--,- ,"
5,- /%,--'(!-8 .@&+), "#"%&70%, Tm ,-" 0#.(*/(-# ,! +)&"%, "#"%&70%,- 0'ﬀ#%,!"- :ﬁ$)%, ;<;>
Tmk k = 1, .., 4 :0(!" 5,- -(**,"- 0, .@&+), -()-A"#"%&70%, -(!" 5, .,!"%, 0, $%&3'"# ," U
!V)0- 0) "#"%&70%, Tm><
UW
 !"#$%&"'(! !)*#%'+),
 !"# -.- / 0#1(*2(3'"'(! 4) "#"%&54%, ,! 6 3()3 "#"%&54%,3.
7!3)'",8 (! '!",%2(9, 9& :(!1"'(! ;)99, 2&% 4,3 :(!1"'(!3 9'!#&'%,3 2&% 3()3<#9#*,!"3 ,!
)"'9'3&!" 4,3 :(!1"'(!3 4, :(%*, =&9&!" 1 &) 1,!"%, 4, $%&='"# b ," 0 3)% 9, ;(%4 4, 9>#9#*,!".
?,3 :(!1"'(!38 !("#,3 Nmk k = 1 . . . (d+ 1)8 3(!" 4#ﬁ!',3 4, 9& *&!'5%, 3)'=&!", ABCD E
Nm1 = 4ξ 3)% 9, 3()3 #9#*,!" (1, 3, 4, b)
Nm2 = 4η 3)% 9, 3()3 #9#*,!" (1, 4, 2, b)
Nm3 = 4ζ 3)% 9, 3()3 #9#*,!" (1, 2, 3, b)
Nm4 = 4(1− ξ − η − ζ) 3)% 9, 3()3 #9#*,!" (2, 3, 4, b)
F,3 :(!1"'(!3 4, ;&3, &33(1'#,3 &)G !H)43 '!",%!,3 (!" )! 3)22(%" +)' 3, 9'*'", I )!
#9#*,!". F,3 4,$%#3 4, 9';,%"# 1(%%,32(!4&!"3 !, 3(!" 9'#3 I &)1)! &)"%, 4,$%# 4, 9';,%"# +),
1,)G 4, 9>#9#*,!" 1(!3'4#%#. ?,9& !()3 2,%*," 4(!1 4>#9'*'!,% 2&% 1(!4,!3&"'(! 9,3 4,$%#3 4,
9';,%"# 4, 9& ;)99, &) !'=,&) #9#*,!"&'%, &=&!" 9>&33,*;9&$,.
7! 2%&"'+), 9& 1(!4,!3&"'(! 3, :&'" $%J1, I 9& 4#1(*2(3'"'(! E vh = uh ⊕ ub K )!, 2&%"',
&33(1'#, I 9>'!",%2(9&"'(! 9'!#&'%, 4,3 =&9,)%3 &)G 3(**,"3 4, 9>#9#*,!" uh ," )!, 2&%"', ;)99,
&) 1,!"%, 4, 9>#9#*,!" ub. L()3 '!"%(4)'3(!3 4(!1 9,3 ,32&1,3 4>'!",%2(9&"'(! 3)'=&!"3 E
Bh = {u ∈ (C0(Ωh))3, u|∂Tm = 0 ∀m = 1, .., nt, u|Tmi ∈ (P1(Tmi))3, i = 1, .., 4}
Vh = {u ∈ (C0(Ωh))3 , u ∈ (P1(Tm))3 , u|∂vΩh = v0 ∀m = 1, .., nt}
V0h = {u ∈ (C0(Ωh))3 , u ∈ (P1(Tm))3 , u|∂vΩh = 0 ∀m = 1, .., nt}
Qh = {p ∈ C0(Ωh) : p ∈ P1(Tm) ∀m = 1, .., nt}
BM
 !"#$%&"'(! !)*#%'+),
-, .%(/01*, 2&%'&"'(!!,0 3'45%," 3,2',!" &0(%4 6
7%()2,% (vlh, v
b
h, ph) ∈ Vh × Bh ×Qh ",00,4 +), 6
∫
Ωh
s(vlh + v
b
h) : ε˙(u
l
h)−
∫
Ωh
phdiv(u
l
h) =
∫
∂TΩh
Th.u
l
h ∀ulh ∈ V0h
∫
Ωh
s(vlh + v
b
h) : ε˙(u
b
h)−
∫
Ωh
phdiv(u
b
h) =
∫
∂Ωh
(σn).ubh ∀ubh ∈ Bh
−
∫
Ωh
qhdiv(v
l
h + v
b
h)−
∫
Ωh
qh
(
1
χ(1− hw) p˙h +
hw˙
χ(1− hw)2 ph
)
= 0 ∀qh ∈ Qh
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= .&%"'% 3, 0& 3#ﬁ!'"'(! 3, 0?,4.&5, 3?'!",%.(0&"'(! 3,4 @(!5"'(!4 /)00,4 BhA (! .,)" @&5'B
0,*,!" 3#3)'%, 0,4 3,)C .%(.%'#"#4 @(!3&*,!"&0,4 3, 0& @(!5"'(! /)00, vbh 4)'2&!",4 6
• -,4 @(!5"'(!4 /)00,4 4?&!!)0,!" 4)% 0,4 &%D",4 3) *&'00&$,A ,00,4 4?&!!)0,!" 3(!5 4)% ∂ΩhA
'0 4?,!4)'" 6 ∫
∂fΩh
Th.u
b
h = 0
• -, 5E&*. /)00, .(4413, 0& .%(.%'#"# +), 4(! $%&3',!" ,4" (%"E($(!&0 F "()" ",!4,)%
5(!4"&!" .&% #0#*,!"A 5, +)' 3(!!, 6∫
Ωh
∇vlh : ∇ubh = 0
G,4 3,)C .%(.%'#"#4 .,%*,"",!" 3, 3#5().0,% 0,4 5E&*.4 '!5(!!)4 vlh ," v
b
h 3, 0& @(%*)0&"'(!
2&%'&"'(!!,00, 3'45%1",A 5,"", @(%*)0&"'(! 3,2',!" &0(%4 6
7%()2,% (vlh, v
b
h, ph) ∈ Vh × Bh ×Qh ",00,4 +), 6
∫
Ωh
s(vlh) : ε˙(u
l
h)−
∫
Ωh
phdiv(u
l
h) =
∫
∂TΩh
Th.u
l
h ∀ulh ∈ V0h
∫
Ωh
s(vbh) : ε˙(u
b
h)−
∫
Ωh
phdiv(u
b
h) = 0 ∀ubh ∈ Bh
−
∫
Ωh
qhdiv(v
l
h + v
b
h)−
∫
Ωh
qh
(
1
χ(1− hw) p˙h +
hw˙
χ(1− hw)2 ph
)
= 0 ∀qh ∈ Qh
89:H<
I! &..0'+)&!" )!, .%(5#3)%, 50&44'+), 3, 0& *#"E(3, 3,4 #0#*,!"4 ﬁ!'4A F .&%"'% 3, 0&
3,%!'1%, @(%*)0&"'(! 3'45%1",A (! 5&05)0, 0,4 5(!"%'/)"'(!4 #0#*,!"&'%,4A ,!4)'",A (! 0,4 &44,*/0,
.()% 5(!4"%)'%, 0, 4J4"1*, *&"%'5',0 3) .%(/01*,: -& 5(!"%'/)"'(! #0#*,!"&'%, .,)" 4?#5%'%,
4J!"E#"'+),*,!" 4()4 0& @(%*, &0$#/%'+), 4)'2&!", 6
KL
 !"#$%&"'(! !)*#%'+),

Rve(v
l
h, ph) = R
vv
e + 0 +R
vp
e − fve = 0
Rbe(v
b
h, ph) = 0 +R
bb
e +R
bp
e = 0
Rpe(vlh, v
b
h, ph) = R
pv
e +R
pb
e +R
pp
e = 0
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2, 3%(456*, 7'89%," -./01 ,8" !(! 5'!#&'%,: 5;&5$(%'"<*, '"#%&"'= 7,  !"#$% &'()*$% ,8"
)"'5'8# 3()% 8(! '!"#$%&"'(!/ >ﬁ! 7, 9(!8"%)'%, 5,8 9(!"%'4)"'(!8 5(9&5,8 7&!8 5,8 3%(456*,8
5'!#&%'8#8: (! '!"%(7)'" @
Kxye =
∂Rxye
∂z
-./A1
(B x ," y #C(5),!" 7&!8 {v, b, p}: ," z #C(5), 7&!8 (vlh, vbh, ph)
2& 8(5)"'(! (vlh, v
b
h, ph) 7) 3%(456*, 7'89%," !(! 5'!#&'%, ,8" *(7'ﬁ#,: D 9<&+), '"#%&"'(!
7,  !"#$% &'()*$%: 3&% )!, 9(%%,9"'(! (δvl, δvb, δp)/ E,"", 9(%%,9"'(! ,8" 5& 8(5)"'(! 7;)!
8F8"6*, &5$#4%'+), $5(4&5 (4",!) 3&% &88,*45&$, 7,8 9(!"%'4)"'(!8 #5#*,!"&'%,8/ E, 8F8"6*,
*&"%'9',5 $5(4&5 3,)" 8;#9%'%, 8()8 5& =(%*, 8)'C&!", @ Kvv 0 Kvp0 Kbb Kbp
Kpv Kpb Kpp
 δvlδvb
δp
 = −
 RvRb
Rp

-./G1
2,8 =(!9"'(!8 4)55,8 8(!" &88(9'#,8 D 7,8 !H)78 '!",%!,8 8)% 9<&+), #5#*,!" 7) *&'55&$,/
I, 35)8 5,8 =(!9"'(!8 7, =(%*, &88(9'#,8 &)J !H)78 '!",%!,8 (!" )! 8)33(%" +)' 8, 5'*'", D )!
#5#*,!": ," 8(!" 7(!9 !)55,8 8)% 5, 4(%7 7, 9<&+), #5#*,!"/ 2,8 7,$%#8 7, 5'4,%"# 9(%%,83(!7&!"8
!, 8(!" 5'#8 D &)9)! &)"%, 7,$%# 7, 5'4,%"# +), 9,)J 7, 5;#5#*,!" 9(!8'7#%#/ E,5& !()8 3,%*,"
7(!9 7;#5'*'!,% 3&% 9(!7,!8&"'(! 5,8 7,$%#8 7, 5'4,%"# 7, 5& 4)55, &) !'C,&) #5#*,!"&'%, &C&!"
5;&88,*45&$,/ 2(9&5,*,!" !()8 &C(!8 @
δvbe = −(Kbbe )−1
[
Rbe +K
bp
e δpe
]
-./KL1
E,"", 9(!7,!8&"'(! 5(9&5, 3,%*," 7, %#7)'%, 5,8 9(!"%'4)"'(!8 7) 8()8 8F8"6*, &88(9'# D
9<&+), #5#*,!" D @ (
Kvve k
vp
e
Kpve K
pp
e − Ce
)(
δvle
δpe
)
= −
(
Rve
Rpe −Ge
)
-./KK1
(B Ce = K
bp
e (Kbbe )
−1Kbpe ,8" 5& *&"%'9, 7, 9(!7,!8&"'(! 5(9&5, 7, 5& 4)55,: ,"Ge = R
bp
e (Rbbe )
−1Rbe
,8" 5, 8,9(!7 *,*4%, &88(9'# D 5& *M*, 9(!7,!8&"'(!/
2,8 7,$%#8 7, 5'4,%"# &88(9'#8 &) ",%*, 7, 5& 4)55, 8(!" "("&5,*,!" #5'*'!#8 7) 8F8"6*,
&5$#4%'+), $5(4&5/ 2& 9(!"%'4)"'(! 7&!8 5, 3%(456*, $5(4&5 7, 5& 4)55, ,8" #C&5)#, 5(9&5,*,!"
3&% 9(!7,!8&"'(!/ N! (4"',!" &5(%8 )!, =(%*)5&"'(! *'J", ,! C'",88,O3%,88'(! &C,9 8,)5,*,!"
7,8 '!9(!!),8 !(7&5,8: 5,8 "%('8 9(*3(8&!",8 7) 9<&*38 7, C'",88, ," 9,55, 7, 5& 3%,88'(! @
PG
 !"#$%&"'(! !)*#%'+),
(
Kvv kvp
Kpv Kpp − C
)(
δvl
δp
)
= −
(
Rv
Rp −G
)
-./0.1
2! 3, %&*4!, &'!3' 5 6& %#3(6)"'(! 78)! 9%(:64*, 7'3;%," &<&!" 6,3 *=*,3 7,$%#3 7, 6':,%"#
3&!3 6,3 >(!;"'(!3 :)66,3/ ?8,!%';@'33,*,!" 7, 68,39&;, 78&99%(A'*&"'(! 9&% 7,3 >(!;"'(!3 :)66,3
!)66,3 3)% 6& >%(!"'4%, 7, ;@&+), #6#*,!" 9,%*," 78&33)%,% 6& ;(!7'"'(! 7,  !"##$% &'()*& 3&!3
9()% &)"&!" *(7'ﬁ,% 6& "&'66, 7) 9%(:64*, $6(:&6 3&!3 68,!%';@'33,*,!"/
?& 6'!#&%'3&"'(! 7) 9%(:64*, *#;&!'+), 9&% 68&6$(%'"@*, 7, +",-./ !#;,33'", 6, ;&6;)6
7, 6& 7'ﬀ#%,!"',66, 7, 6& >(!;"'(!!,66, 7) 3<3"4*,/ D! )"'6'3&!" 6& !("&"'(! '!7';',66,E !()3
(:",!(!3 9()% 6& 9&%"', !(! 6'!#&'%, F
[
∂s
∂v
δv] : ε˙(u) =
∂sij
∂vm
δvmε˙ij(u)
=
∂sij
∂ε˙kl(v)
∂ε˙kl(v)
∂vm
δvmε˙ij(u)
= Lij,klε˙kl(δv)ε˙ij(u)
= L : (ε˙(u)⊗ ε˙(δv))
-./0G1
(H L ,3" 6, *(7)6, "&!$,!" 7#I'&"(%'+),E )! ",!3,)% 78(%7%, 4 -16 ;(*9(3&!",3 ,! 2DE 81
;(*9(3&!",3 ,! 3D1E 7#ﬁ!' 9&% F
Lij,kl =
∂sij
∂ε˙kl(u)
-./0J1
K()% ;(*96#",% 6& 7#ﬁ!'"'(! 7) 9%(:64*, *#;&!'+), -./L1E '6 ,3" !#;,33&'%, 7, ;&6;)6,% ;,
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,+00)'-)6.-
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9'"%, 1/ P,"", '!"#$%&"'(! ,3" !#;,33&'%, 9()% 7#",%*'!,% 68#I(6)"'(! !(! 6'!#&'%, 7,3 I&%'&:6,3
9,!7&!" )! '!;%#*,!" 7, ",*93 [tn, tn+1]/ ?,3 I&%'&:6,3 (e˙
p
n, wn, sn) 3(!" ;(!!),3 5 68'!3"&!" tn/
P(!!&'33&!" en+1 ;&6;)6# 5 9&%"'% 7, 6& I'",33, 5 68'"#%&"'(! 9%#;#7,!",E 68'!"#$%&"'(! !)*#%'+),
;(!3'3", 5 7#",%*'!,% (e˙pn+1, wn+1, sn+1)/
 !"!# $%&'() *+(',-.+/ /0 -*0'1,)0-2* 3/ 4) 42- %2*50-0+0-6/
N, !(*:%,)3,3 *#"@(7,3 !)*#%'+),3 (!" #"# 7#I,6(99#,3 9()% 68'!"#$%&"'(! 6(;&6, 7, 6& 6('
7, ;(*9(%",*,!" #6&3"(96&3"'+),/ ?,3 9%,*'4%,3 3(!" F 6& *#"@(7, 7) 9%#7';",)% "&!$,!" %,"()%
JQ
 !"#$%&"'(! !)*#%'+),
%&-'&. /0123 .& *#"4(-, -, .& !(%*&., *(5,!!, /0123 ," .& *#"4(-, -) 6%#-'7",)% #.&8"'+),
%,"()% %&-'&. /0129
:,8 874#*&8 (!" #"# $#!#%&.'8#8 6&% )!, *#"4(-, -'", θ;*#"4(-, () 6('!" *'.',) $#!#%&.'8#9
<&!8 7, *&!)87%'"3 !()8 )"'.'8(!8 .& θ;*#"4(-, &=,7 θ = 13 7, +)' 7(%%,86(!- > )! 874#*&
-?@).,% '*6.'7'",3 &'!8' +), .& *#"4(-, -) 6%#-'7",)% #.&8"'+), %,"()% %&-'&.9 :,"", -,%!'A%,
,8" .& 6.)8 6%#7'8, 6&%*' .,8 "%('8 *#"4(-,8 7'"#,8 6%#7#-,**,!" /012 B -, 6.)8 7?,8" )! 874#*&
'!7(!-'"'(!!,..,*,!" 8"&C.,9 :, 874#*& 6,%*," -(!7 D
s˙ = (1− θ)s˙n + θs˙n+1 = sn+1 − sn
∆t
EF91GH
I& J(%*)., -) "%&6AK, &66.'+)#, > s˙ = 2µ(1− hw)e˙e − w˙1−hws 7(!-)'" > D
sn+1 − sn = 2µ(1− hwn)∆tθe˙n+1 −
[
3∆tθµλpln+1
(1− hwn+1)σ0(rn+1) +
θhw˙n+1
1− hwn+1
]
sn+1
−2µ(1− hwn+1)∆t(1− θ)e˙n +
[
3∆t(1− θ)µλpln
(1− hwn)σ0(rn) −
(1− θ)hw˙n
1− hwn
]
sn
EF91LH
@! %,*6.&M&!" θ  !" #! $!%&'"( )* )+,-&*, .
sn+1 =
sn + 2µ(1− hwn+1)∆te˙n+1
1 +
(
3µ∆tλpln+1
(1−hwn+1)σ0(rn+1) +
∆thw˙n+1
1−hwn+1
)
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5 6&,,& 78'!,-)* )* !9)',& %! 6)*:-,-)* :& 6)*#-#,!*6&  %!#,-8'&( &, %&# &; "&##-)*# :-#<
6"=,&# :' >'%,- %-6!,&'"  %!#,-8'& &, :& %! $!"-!+%& :?&*:)>>!@&>&*,1 A&%!  &">&, :?76"-"&
%& #B#,=>& #'-$!*,( :?-*6)**'&# sn+1( wn+1 &, λ
pl
n+1 /)' ε˙n+1 4
sn+1 =
sn + 2µ(1− hwn+1)∆te˙n+1
1 +
(
3µ∆tλpln+1
(1−hwn+1)σ0(rn+1) +
∆thw˙n+1
1−hwn+1
)
sn+1 : sn+1 =
2
3
(1− hwn+1)2σ20(rn+1)
wn+1 − wn = ∆tw˙n+1
λpln+1 = (1− hwn+1)ε˙n+1
/012C4
D* -*9&6,!*, %!  "&>-="& 78'!,-)* :' #B#,=>& /012C4 :!*# %! #&6)*:&( &, &*  "&*!*, %!
"!6-*& 6!""7&( *)'# !+)',-##)*# !' #B#,=>& #'-$!*, .{
(1− hwn+1 +∆thw˙n+1)σ0(rn+1) + 3µ∆tλpln+1 −B0 = 0
wn+1 − wn = ∆tw˙n+1 /012E4
F2
 !"#$%&"'(! !)*#%'+),
(- B20 =
3
2s
T
n+1 : s
T
n+1
&.,/ sTn+1 = sn + 2µ(1− hwn+1)∆te˙n+1 %,0%#1,!", 2, 0%#3'/",)% #2&1"'+),4
5! 0,)" (6",!'% &)11' 0&% 1)61"'")"'(! 7
f1 =
(
1− hwn+1 +∆th
(−Yn+1
S0
)b
ε˙n+1δ{εn+1≥εd}
)
σ0(rn+1) + 3µ(1− hwn+1)∆tε˙n+1 −B0 = 0
f2 = wn+1 − wn −∆t
(−Yn+1
S0
)b
ε˙n+1δ{εn+1≥εd} = 0
8949:;
(- rn+1 = (1− hwn+1)(ε˙n +∆tε˙n+1)
<, 1=1">*, 3?'!/(!!),1 8wn+1 ," ε˙n+1; ,1" !(! 2'!#&'%,4  2 ,1" %#1(2) ," ,1" 2'!#&%'1# 0&%
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3#%'.#,1 3,1 3,)F #+)&"'(!1 0&% %&00(%" &)F 3,)F '!/(!!),14
∂f1
∂ε˙n+1
= −h ∂f2
∂ε˙n+1
σ0+(1− hwn+1+∆thw˙n+1)(1− hwn+1)∆t∂σ0(rn+1)
∂rn+1
+3µ(1− hwn+1)∆t
8949G;
∂f1
∂wn+1
= −h ∂f2
∂wn+1
σ0−(1−hwn+1+∆thw˙n+1)hεn+1∂σ0(rn+1)
∂rn+1
−3µ∆thε˙n+1+3µ∆th
B0
e˙n+1 : s
T
n+1
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∂f2
∂ε˙n+1
= −∆t
(−Y
S0
)b
− b
S0
(−Y
S0
)b−1 ∆t(1− hwn+1)σ0(rn+1)ε˙n+1
3µ
∂σ0(rn+1)
∂rn+1
8949H;
∂f2
∂wn+1
= 1−∆tε˙n+1 b
S0
(−Y
S0
)b−1 [σ0(rn+1)εn+1
3µ
∂σ0(rn+1)
∂rn+1
+
hp2n+1
κ(1− hwn+1)3 ε˙n+1
]
8949I;
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λpln+1 = (1− hwn+1)ε˙n+1 8949K;
L, 3#.'&",)% 3,1 /(!"%&'!",1 ,1" 3(!!# 0&% 7
sn+1 =
sn + 2µ(1− hwn+1)∆te˙n+1
1 +
[
3µ∆tλpln+1
(1−hwn+1)σ0 +
∆thw˙n+1
1−hwn+1
]
δ{λpln+1>0}
= (1− hwn+1)σ0 sn + 2µ(1− hwn+1)∆te˙n+1
B0
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%#3(0)"'(! /) 2%(708*, $0(7&09 :,"", '!"#$%&"'(! /('" ;"%, 2%#1'3, 2()% %,32,1",% &) *',)< 0,3
#+)&"'(!3 /, 0& 0(' 1(!3"'")"'=, ," !, /('" 2&3 ;"%, 1(>",)3, ,! ",*23 12) 2()% !, 2&3 2#!&0'?
3,% 0, ",*23 /, 0& %#3(0)"'(! $0(7&0,9 @&!3 1,"", (2"'+),A !()3 &=(!3 #")/'# "%('3 !'=,&)< /,
1()20&$, !)*#%'+), ,!"%, 0& /#B(%*&"'(! 20&3"'+), ," 0.,!/(**&$,*,!"9 C()3 &=(!3 /#ﬁ!'
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3G3"8*, !(! 0'!#&'%, HI9IJK &=,1 3,3 /,)< '!1(!!),3 H0.,!/(**&$,*,!" ," 0, "&)< /,
/#B(%*&"'(! 20&3"'+),K9 :,"", '!"#$%&"'(! 3.,ﬀ,1"), 5 16&+), 2('!" /.'!"#$%&"'(! 2()%
"()", '"#%&"'(! /, C,L"(! 2()% 1&01)0,% 0& 1(%%,1"'(! /) 2%(708*, *#1&!'+), $0(7&0 M
I9 0, /,)<'8*, !'=,&) ,3" &22,0# E ()%*+$,# !-3#0./'!$!0#9 -, 3G3"8*, HI9IJK ,3" %#/)'"
5 )!, 3,)0, #+)&"'(! &=,1 0, "&)< /, /#B(%*&"'(! 20&3"'+), 1(**, '!1(!!),9 -& =&0,)%
2%#1#/,!", /, 0& =&%'&70, /.,!/(**&$,*,!" ,3" )"'0'3#, 2()% 0& %#/)1"'(! /, 1, 3G3?
"8*,9 N!3)'",A 0& =&0,)% /, 0.,!/(**&$,*,!" ,3" &1")&0'3#, 5 2&%"'% /, 0& 3(0)"'(! /,
1, 3G3"8*, %#/)'" M
O9 0, "%('3'8*, !'=,&) ,3" &22,0# ()%*+$,# 2$!4+#9  0 ,3" 3'*'0&'%, &) 1()20&$, '!",%*#/'&'%,
6(%*'3 0& *'3, 5 P()% /, 0.,!/(**&$,*,!" +)' ,3" ,ﬀ,1")#, 5 0& ﬁ! /, 0.'!1%#*,!" /,
",*23 ," !(! 2&3 5 16&+), '"#%&"'(! /, C,L"(!9
 !"! #$%&'()*& ('+,)+( -./%&)+(
@&!3 1,"", 2&%"',A (! 3.'!"#%,33, &) 1&01)0 /, 0.(2#%&",)% "&!$,!" /(!!# 2&% HI9FQK9 R()%
3.&33)%,% /.)!, 1(!=,%$,!1, ,ﬃ1&1,A '0 ,3" '*2(%"&!" /.)"'0'3,% )! (2#%&",)% "&!$,!" 1(!3'3"&!"
&=,1 0, 316#*& /.'!"#$%&"'(! /, 0& 0(' /, 1(*2(%",*,!" TOIA OOU9 C()3 /#=,0(22(!3 /(!1 )!,
,<2%,33'(! &!&0G"'+), /, 0.(2#%&",)% "&!$,!" 1(6#%,!" &=,1 0, 316#*& /.'!"#$%&"'(! 2%#3,!"# 5
0& 3,1"'(! 2%#1#/,!",9 V! 1(**,!1, 2&% 0,3 /#%'=&"'(!3 3)'=&!",3 E
∂sn+1
∂ε˙n+1
=
∂sn+1
∂e˙n+1
∂e˙n+1
∂ε˙n+1
=
∂sn+1
∂e˙n+1
(I4 − I2 ⊗ I2)
HI9IWK
(X (I4)ij,kl = δikδjl A (I2 ⊗ I2)ij,kl = δijδkl
R()% 1(!"'!),% 0, 1&01)0 /, 0.(2#%&",)% "&!$,!"A !()3 &=(!3 7,3('! /, %&22,0,% +),0+),3
/#%'=&"'(!3 2&% %&22(%" 5 e˙n+1
∂σ0
∂e˙n+1
=
∂σ0(r)
∂r
∂r
∂e˙n+1
= ∆t
∂σ0(r)
∂r
∂λpln+1
∂e˙n+1
HI9IYK
QO
 !"#$%&"'(! !)*#%'+),
∂w˙n+1
∂e˙n+1
=
w˙n+1
λpln+1
∂λpln+1
∂e˙n+1
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sn+1
-./2.1
5,6 7#%'8&"'(!6 6(!" ,!6)'", )"'9'6#,6 :()% 9& 7#%'8&"'(! 7, sn+1 :&% %&::(%" ; e˙n+1 <
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− 2µ∆tcsn+1 ⊗ sn+1 ./01>3
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3 [sn + 2µ∆t(1− hwi−1n+1)e˙in+1] : [sn + 2µ∆t(1− hwi−1n+1)e˙in+1]
• :%#;'<",)% #7&5"'+), <(%%,<",)% :7&5"'+), =
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i
n+1 &P,< )!, ;,5 *#"O(;,5 ;, <():7&$, ;#<%'",5 :%#<#;,**,!"0
• (! <&7<)7, 7, *)7"':7'<&",)% :7&5"'+), = λplin+1 = (1− hwin+1)ε˙in+1
• (! <&7<)7, sin+16 Li ," Lbi :&% 7,)%5 ,9:%,55'(!5 ./0/I36 ./01>3 ," ./01I3 T
• ﬁ!&7,*,!"6 <(!!&'55&!" sin+16 Li ," Lbi
pi+1n+1 ," v
i+1
n+1 5(!" (@",!)5 H :&%"'% ;, 7& %#5(7)"'(! ;) :%(@7D*, *#<&!'+), $7(@&70
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 !"#$%&"'(! !)*#%'+),
 !"#$%&!
-()",. /,. %,/&"'(!. +), !(). &0(!. #"&1/',. 2()% )!, /(' #/&."(32/&."'+), ,!4(**&$,&1/,5
.(!" 0&/&1/,. 6
7 4&!. /, 8&. 4, /9#/&."'8'"# /'!#&'%, 6 (! 8(!.'4:%, +), /& 4#;(%*&"'(! ,." 2)%,*,!" #/&.3
"'+),5 (! %,"%()0, 1',! /& /(' 4,  !!"# %,/'&!" /, ",!.,)% 4,. 8(!"%&'!",. ," 8,/)' 4,.
4#;(%*&"'(!. 6 sn+1 = sn + 2µ∆te˙n+1<
=! %,"%()0, &)..' /9,>2%,..'(! 4) *(4)/, "&!$,!" 6 L = 2µ∆t(I4− 1dI2⊗ I2) +)9(! 2,)"
(1",!'% 4'%,8",*,!" 2&% 4#%'0&"'(! 4, /& /(' 4,  !!"# ?
7 4&!. /, 8&. #/&."(32/&."'+), &0,8 #8%()'..&$, '.("%(2, 6 ,! *,""&!" @w = 0 ," w˙ = 0A5
(! %,"%()0, /,. #+)&"'(!. 4, /9#/&."(32/&."'8'"# &0,8 #8%()'..&$, '.("%(2, %&22,/#,. &)
8B&2'"%, 2%#8#4,!" &'!.' +), /9,>2%,..'(! 4) *(4)/, "&!$,!" 8(B#%,!" &0,8 /, .8B#*&
49'!"#$%&"'(! 2()% )!, &22%(8B, #/#*,!". ﬁ!'. *'>", 0'",.., 2%,..'(! DEFG<
H,. 4#0,/(22,*,!". 2%#.,!"#. 2%#8#4,**,!" 2()% /& /(' 8(!."'")"'0, #/&."(2/&."'+), ,!3
4(**&$,&1/, (!" #"# '!"#$%#. I /& /'1%&'%', $%&'%( &ﬁ! 4, /9&4&2",% &) 8&/8)/ 4, ."%)8")%,
&0,8 ,!4(**&$,*,!"<
H& 4#*&%8B, 4, 0&/'4&"'(! *'., ,! 2/&8, & 8(!.'."# I 0&/'4,% /,. %#.)/"&". !)*#%'+),. 4&!.
/, 8&4%, 4, /9#/&."'8'"# /'!#&'%,5 2)'. 2()% /9#/&."(2/&."'8'"# &0&!" 4, 2&..,% I /9,!4(**&$,*,!"<
 !" #$%&'$(&)*+ *,-./&0,1+
J0&!" 49&1(%4,% /& 0&/'4&"'(! 2()% /& /(' 4, 8(*2(%",*,!" #/&."(2/&."'+), ,!4(**&$,&1/,5
!(). &0(!. ,ﬀ,8")# 4,. 0&/'4&"'(!. 4&!. /, 8&. 4, /9#/&."'8'"# /'!#&'%, @2&% ,>,*2/,5 8(*2&%&'.(!
4, /& .(/)"'(! &22%(8B#, ," /& .(/)"'(! &!&/L"'+), 4&!. /, 8&. ",." 49)!, 2/&+), "%()#, ,!
"%&8"'(! )!'3&>'&/,A< M!.)'",5 !(). &0(!. 2%(8#4# I 4,. 0&/'4&"'(!.5 4&!. /, 8&4%, 4, /9#/&."(3
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H, ",!.,)% 4,. 8(!"%&'!",. 49)!, 2/&+), '!ﬁ!', ,! "%&8"'(! )!'3&>'&/, ,." 4(!!# 2&% 6
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(r, θ) 2(!" 3,2 .((%1(!!#,2 0(3&'%,2 14)! 0('!" 1) 1(*&'!,? a ,2" 3, %&@(! 1) "%()? ,"
σ∞( ,! MPa> ,2" 3, ./&%$,*,!" '*0(2#;
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"%() 2(!" 2)00(2#2 3'D%,2; -& 03&+), ,2" 2)00(2#, %,2",% 1&!2 3, 1(*&'!, 1, 34#3&2"'.'"# &E,.
)! *(1)3, 14F()!$ E = 210000MPa? 3, .(,ﬃ.',!" 1,  !"##!$ ν = 0.3? ," 3& .(!"%&'!",
,7"#%',)%, &003'+)#, σ∞ = 500MPa; -& !&")%, 1) 0%(D3H*, 0,%*," 1, %#1)'%, 34#")1, 0&%
2@*#"%', 2)% )! +)&%" 1, 3& 03&+),;
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3'!#&'%, 2)% 3& 03&+), ﬁ!',; -,2 ﬁ$)%,2 9:;M>? 9:;N> ," 9:;O> 0%#2,!",!" 3,2 .(*0(2&!",2 1)
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 !"# -.< 0 1,2 3(*4(2&!",2 σxx, σyy ," σxy 5) ",!2,)% 5, 3(!"%&'!",2 &!&67"'+), (P0− AN)
," !)*#%'+), (Num) 2)% 68&9, :=.
 !"# -.> 0 1,2 3(*4(2&!",2 σxx, σyy ," σxy 5) ",!2,)% 5, 3(!"%&'!",2 &!&67"'+), (P0) ,"
!)*#%'+), (Nu) &) ?(%5 5) "%().
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:! 28'!"#%,22, @ 68#")5, 5, 68,2"'*&"'(! 58,%%,)% 5), @ 6& 5'23%#"'2&"'(! 4&% 6& *#"A(5, 5,2
#6#*,!"2 ﬁ!'2. C(',!" v ," vh %,24,3"'D,*,!" 6, 3A&*4 5,2 5#46&3,*,!"2 ,9&3" ," #6#*,!"2
ﬁ!'2 2(6)"'(!2 5) 4%(?6E*,. 68,%%,)% 4(!3"),66, #6#*,!"2 ﬁ!'2 28#3%'" F
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 !"#$%&"'(! !)*#%'+),
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∫
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√
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A, 1%(6-2*, #"&!" *(!(/'*,!.'(!!,- .)'7&!" r? (! & ,ﬀ,5")# -& %#.(-)"'(! !)*#%'+),
.,)-,*,!" .)% )!, 1(%"'(! 8 (h = 2mm, 0 ≤ θ ≤ pi2 , a ≤ r ≤ b)
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A& .'*)-&"'(! !)*#%'+), & #"# ,ﬀ,5")#, &7,5 )! *&'--&$, /, @D@ED "#"%&2/%,.; A,. ﬁ$)%,.
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 !"# :;H J A,. '.(7&-,)%. /, -& 5(*1(.&!", ux /,. /#1-&5,*,!". (6",!),. 1&% .(-)"'(! &!&-KL
"'+), 9M $&)5B,> ," 1&% &11%(0'*&"'(! NG 9M /%('",>
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 !"#$%&"'(! !)*#%'+),
 !"# -./0 1 2,3 '3(4&5,)%3 6, 5& 7(*8(3&!", σxx 6,3 79&*83 6, 7(!"%&'!",3 (:",!),3 3(5)"'(!
&!&5;"'+), <= $&)79,> ," 8&% &88%(?'*&"'(! @A <= 6%('",>
2& 7(*8&%&'3(! 6,3 7&%",3 6,3 '3(4&5,)%3 6, 5& 7(*8(3&!", ux 6) 79&*8 6, 6#85&7,*,!"3
," 6, 5& 7(*8(3&!", σxx 6) 79&*8 6, 7(!"%&'!",3 *(!"%, +), !("%, &88%(?'*&"'(! #5#*,!"3
ﬁ!'3 ,3" &33,C 8%#7'3, 8()% 5,3 79&*83 6, 7(!"%&'!", ," 6, 6#85&7,*,!".
 !"#$ %& '(!)*+ﬁ-!*+#$
2, %&;(! 6, 85&3"'ﬁ7&"'(! &!&5;"'+), ,3" 6#ﬁ!' 8&% 5D#+)&"'(! <-.E/>. @! %#3(54&!" 7,"",
#+)&"'(!F 5, %&;(! 6, 85&3"'ﬁ7&"'(! &!&5;"'+), (:",!) ,3" G rc = 168.99mm 
!"#$ #%&'( "))'%*+,"&+%# -.-,(#&$ ﬁ#+$ .($ 0%#&'"+#&($ $%#& 1-ﬁ#+($ )"' -.-,(#&2 .( &($&
1( )."$&+ﬁ0"&+%# $( 3"+& 1%#0 )%4' 05"64( -.-,(#& !"#$ .($ -.-,(#&$ 1%#& ." 1+$&"#0( (#&'(
.(4' 0(#&'( 1( 7'"8+&- (& .( )%+#& O(0, 0) ($& +#3-'+(4' 9 168mm ." 0%#1+&+%# 1( )."$&+ﬁ0":
&+%# r < rc ($& 8-'+ﬁ-(2 )"' 0%#&'( $+ 0(&&( 1+$&"#0( ($& $4)-'+(4'( 9 171mm ." 0%#1+&+%# 1(
1-3%',"&+%# -."$&+64( rc < r ($& 8-'+ﬁ-(2 %# ($& ".%'$ 1"#$ ." ;%#( -."$&+64( <($ '-$4.&"&$
#4,-'+64($ 0%#0%'1(#& 1%#0 =+(# "8(0 ." $%.4&+%# "#".>&+64( <" ﬁ74'( ?@+7 A BBC ,%#&'( ."
;%#( )."$&+64( %=&(#4( $4' .( ,"+.."7( 
 !"# A BB D .($ ;%#($ )."$&+64( (& -."$&+64( 1-ﬁ#+($ )"' ." $+,4."&+%# #4,-'+64( E 168 ≤ rc ≤
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/& 1/&+), ," /,. ()"'/. ,." 0(!.'7#%# <'/&"#%&/ 0(//&!"3 B! '*1(., : /& 1/&+), )! 7#1/&0,*,!"
6,%"'0&/ u = 0.875mm 7&!. )! '!",%6&//, 7, ",*1. [0, 0.875s] &6,0 )! 1&. 7, ",*1. )!'9(%*,
∆t = 0.005s3 B! 0(!.'75%, )! *&'//&$, "%'&!$)/&'%, )!'9(%*, 7, /& 1/&+), &6,0 )!, "&'//, 7,
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:(,ﬃ/',!" 8, <('..(! ν =>?
@/%()'..&$, '.("%(0, σ0(r) 596(10
−4 + r)0.31 MPa
A!8(**&$,*,!" /%'"'+), B %)0")%, wc C
1,)'4 8, 8#D(%*&"'(! εd =
<&%&*E"%, 89,!8(**&$,*,!" F,G0(.&!"H b C
<&%&*E"%, 89,!8(**&$,*,!" F8#!(*'!&",)%H S0 2.25MPa
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TL
 !"#$%&"'(! !)*#%'+),
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'*1(%"&!" &-,0 2, !'-,&) /, 0()12&$, :&'92,3 ," 0(!/)'" /(!0 E )!, 0F)", /,4 0(!"%&'!",4 *('!4
%&1'/, &-,0 0, !'-,&) /, 0()12&$, >ﬁ$)%, @5AG >9CC5
 !" #$#%#&' ( %) *# +,'&# )&#-" &!./-,!%%!
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/, 0()12&$,3 !()4 &-(!4 ,ﬀ,0")# 2,4 *H*,4 4'*)2&"'(!4 &-,0 /,). 1&4 /, ",*14 /'ﬀ#%,!"4 ∆t1
," ∆t2 1()% 0F&+), !'-,&) /, 0()12&$,5 I& ﬁ$)%, @5AJ %,1%#4,!", 2,4 0()%9,4 :(%0,=/#12&0,*,!"
(9",!),4 &-,0 ∆t2 = ∆t1/2 = 5.10
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>&C >9C
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 !"# @5AJ K I,4 0()%9,4 :(%0,=/#12&0,*,!" (9",!),4 &-,0 /,). 1&4 /, ",*14 /'ﬀ#%,!"4 >∆t1 =
1.10−2sC &!/ >∆t2 = 5.10−3s C 1()% 2,4 "%('4 !'-,&). /, 0()12&$,5
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4,!4'92,4 E 2& /'40%#"'4&"'(! ",*1(%,22,5 6) 0(!"%&'%,3 &-,0 2, !'-,&) /, 0()12&$, :&'92, (!
%,*&%+), )!, /#1,!/&!0, 4'$!'ﬁ0&"'-, E 2& /'40%#"'4&"'(! ",*1(%,22, E 2& ﬁ! /, 2<,44&' !)*#=
%'+), (M 2<&/()0'44,*,!" '!ﬂ),!0, :(%",*,!" 2& 0()%9, :(%0,=/#12&0,*,!"5 6ﬁ! /<#-'",% 0,2&3
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 !""#$%&'(#)
6, 1()-2&$, 7&'82, ,." .,!.'82, &) -&. /, /'.1%#"'.&"'(! ",*-(%,22,5 9! ,ﬀ,"; 2& 4&%'&82,
/3,!/(**&$,*,!" !3,." *'., < =()% +)3< 2& ﬁ! /, 1?&+), '!1%#*,!" /, ",*-.5 63)"'2'.&"'(!
/3)! -&. /, ",*-. #2,4# 1(!/)'" < )!, .().@,."'*&"'(! /, 23#4(2)"'(! /, 23,!/(**&$,*,!" &)
1()%. /3)! '!1%#*,!"5 A,2& ., "%&/)'" .)% 2& 1()%8, 7(%1,@/#-2&1,*,!" -&% )! &/()1'..,*,!"
*('!. '*-(%"&!"; &4,1 2, -&. /, ",*-. .)-#%',)% B∆t1C; &4&!" 2& -?&., 1%'"'+),5 63)"'2'.&"'(!
/, 1, "D-, /, 1()-2&$, %,+)',%" /(!1 )! -&. /, ",*-. .)ﬃ.&**,!" -,"'"5
A, !'4,&) /, 1()-2&$, %,.", 1,-,!/&!" *('!. 1(E",)F ,! ",*-. /, 1&21)2; ," -2). 7&1'2, <
'*-2#*,!",%5
6, 1()-2&$, 7(%" !#1,..'", )!, '!"#$%&"'(! 2(1&2, .)% 1?&+), #2#*,!" B-()% 2& /'.1%#"'.&"'(!
#2#*,!". ﬁ!'. P 1
+
/P 1 C /3)! .D."G*, /3#+)&"'(!. !(! 2'!#&'%,. &4,1 /,)F '!1(!!),.5 A,2& '*@
-2'+), )!, '!"#$%&"'(! -2). 1(E",)., -&% %&--(%" < 2& %#.(2)"'(! /3)!, .,)2, #+)&"'(! &4,1 2,.
/,)F &)"%,. !'4,&)F /, 1()-2&$,5
6, !'4,&) /, 1()-2&$, '!",%*#/'&'%, ,." 1(!.'/#%# 1(**, )!, .(2)"'(! &2",%!&"'4,5  2 -,%@
*," /, -&22',% &)F '!1(!4#!',!". /,. /,)F &)"%,. !'4,&)F /, 1()-2&$,5 9! ,ﬀ,"; /3)!, -&%";
23?D-("?G., .'*-2'ﬁ1&"%'1, /3'!"#$%,% )!, .,)2, #+)&"'(! -,%*," /, %#/)'%, 2, ",*-. /, 1&21)2
/, 23'!"#$%&"'(! 2(1&2, -&% %&--(%" &) !'4,&) /, 1()-2&$, 7(%"5 H3&)"%, -&%"; 2& *'., < =()% /,
2& 4&%'&82, /3,!/(**&$,*,!" < 1?&+), '"#%&"'(! /,  !"#$%&'()*+$% &*#2'(%, 2& -%#1'.'(! /,
23&--%(F'*&"'(! /, 2& 2(' /, 1(*-(%",*,!" -&% %&--(%" &) !'4,&) /, 1()-2&$, 7&'82,5  2 ,."
*('!. .,!.'82, < 2& /'.1%#"'.&"'(! ",*-(%,22,; ," !, !#1,..'", -&. )! -&. /, ",*-. "%G. -,"'"
-()% &4('% /,. %#.)2"&". -%#1'.5
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-&!. /, /0&1'"%, !(). &2(!. 3#2,4(11# 3,. ()"'4. !)*#%'+),. !#/,..&'%,. 1()% 4, /&4/)4 3,
."%)/")%, &2,/ ,!3(**&$,*,!" 3&!. 4& 4'5%&'%',  !"#!$6 7,. 3#2,4(11,*,!". ., ./'!3,!" ,!
3,)8 1&%"',. 9 4:'!"#$%&"'(! 3, 4& 4(' 3, /(*1(%",*,!" !(! 4'!#&'%, ," 4& %#.(4)"'(! $4(5&4, 3,
4:#+)'4'5%, *#/&!'+), 1&% 4& *#"0(3, 3,. #4#*,!". ﬁ!'.6
<(). &2(!. 1%#.,!"# )!, =(%*)4&"'(! 2&%'&"'(!!,44, *'8", 2'",.., 1%,..'(! ," 4:&11%(8'*&>
"'(! #4#*,!". ﬁ!'. 1&% )!, 3'./%#"'.&"'(! P1+/P1 .&"'.=&'.&!" 4& /(!3'"'(! 3, /(*1&"'5'4'"#6
<(). &2(!. ,81(.# 4:'!"#$%&"'(! !)*#%'+), 4(/&4, 3, 4& 4(' 3, /(*1(%",*,!"? ," !(). &2(!.
#"&54' )!, *&"%'/, "&!$,!", 3#2'&"(%'+), /(0#%,!", &2,/ 4, ./0#*& !)*#%'+),6 7,. 3#2,4(1>
1,*,!". (!" #"# '!"#$%#. @ 4& 4'5%&'%',  !"#!$ 1()% 4:&3&1",% &) /&4/)4 3, ."%)/")%, &2,/ 3,.
4('. 3, /(*1(%",*,!" #4&."(14&."'+),. ,!3(**&$,&54,.6
A,. 3#2,4(11,*,!". ,ﬀ,/")#. (!" #"# '!'"'&4,*,!" 2&4'3#. 3&!. 4, /&3%, 3, 4:#4&."'/'"# 4'>
!#&'%,6 A, /&. ",." 3, 4& 14&+), "%()#, & 1,%*'. 4:#")3, 3, 4:,%%,)% 3:&11%(8'*&"'(! 1&% /(*>
1&%&'.(! &2,/ 4& .(4)"'(! &!&4C"'+),6 A& /(%%#4&"'(! &2,/ 4,. %#.)4"&". "0#(%'+),. .:,." &2#%#,
"%D. 5(!!,6
A& 2&4'3&"'(! 3&!. 4, /&. 3:)!, 4(' #4&."(14&."'+), & #"# ,ﬀ,/")#, .)% 4, /&. ",." 3:)! ")5,
'!ﬁ!' .(). 1%,..'(! '!",%!,6 A& /(*1&%&'.(! 3, 4& .(4)"'(! &!&4C"'+), ," 4& .(4)"'(! &11%(/0#,
1&% #4#*,!". ﬁ!'. & 1%()2# 4:,ﬃ/&/'"# ," 4& 1%#/'.'(! 3, !("%, *(3D4, 1()% /, "C1, 3, /(*>
1(%",*,!"6
7,. 2&4'3&"'(!. 3&!. 4, /&3%, 3, 4:#4&."'/'"# ," 3, 4:#4&."(14&."'/'"# (!" #"# /(!/4)&!",. ,"
(!" 1,%*'. 3:&2('% )!, &..)%&!/, 1()% 4, 1&..&$, &)8 4('. 3, /(*1(%",*,!" ,!3(**&$,&54,.6
A& 1%#3'/"'(! 3, 4:,!3(**&$,*,!" 1&% )!, &11%(8'*&"'(! #4#*,!". ﬁ!'. !#/,..'", )!,
%#$)4&%'.&"'(! 3,. 10#!(*D!,. 3:&3()/'..,*,!" ," 3, 4(/&4'.&"'(! '!3)'". 1&% 4:,!3(**&$,>
*,!"6 F2&!" 3:&5(%3,% /,. &.1,/". 3&!. 4, /0&1'"%, .)'2&!"? !(). &2(!. %#&4'.# ," 1%#.,!"#
)!, #")3, /(*1&%&"'2, 3, "%('. !'2,&)8 3, /()14&$, !)*#%'+), 4(%. 3, 4:'!"#$%&"'(! 3, 4& 4('
/(!."'")"'2,6 7,"", #")3, & *(!"%# +), 4:)"'4'.&"'(! 3) !'2,&) .'*14'ﬁ#? /()14&$, =&'54,? !:,."
1(..'54, +), .' 4, 1&. ",*1. ,." .)ﬃ.&**,!" 1,"'"6
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 !"!2 $%&'()*+,%- 3 /&*4,0-+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 11
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6' +,/"$-' '.% +$.7&3%$.3 '- %3%&"4+&'.) 6' /"$00"1' $-$%$"0 7,/#,&%' MNJ( -O2+.A ,-
ﬁ9' hmax = 1.5mmA hmin = 0.15mm F0' &"%$, /"9$/2/ '-%&' 0'. "&P%'. +52- 303/'-% '.%
hmax
hmin
= 10GA '% 05'&&'2& /"9$/"0' %,03&3' ǫ = 2.10−3)
 !"# ()IJ Q R3,/3%&$' F//GA 7,-+$%$,-. "29 0$/$%'. '% +$.7&3%$."%$,- 303/'-%. ﬁ-$.
INS
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
653#&,27'%%' '.% 8,-.%$%23' +52- "00$"1' +5"02/$-$2/ "7'8 0'. #"&"/4%&'. /"%3&$"29 #&3:
.'-%3. +"-. 0' %";0'"2 .2$7"-% <
='.8&$#%$,- >?/;,0' @"0'2&
A"..' 7,02/$B2' ρ 2700kg/m3
A,+20' +530".%$8$%3 E 69004MPa
 ,'ﬃ8$'-% +' D,$..,- ν E)F
G8&,2$.."1' $.,%&,#' σ0(r) 589(10
−4 + r)0.216 MPa
H-+,//"1'/'-% 8&$%$B2' I &2#%2&' wc E)JK
>'2$0 +' +3L,&/"%$,- εd E
D"&"/4%&' +5'-+,//"1'/'-% M'9#,."-%N b O
D"&"/4%&' +5'-+,//"1'/'-% M+3-,/$-"%'2&N S0 1.25MPa
6,-12'2& 8"&"8%3&$.%$B2' lc 0.05mm
D"&"/4%&' +' L'&/'%2&' +'. ﬁ..2&'. h 1
 !"# ()O Q D&,#&$3%3. /"%3&$"2 #,2& 2- "00$"1' +5"02/$-$2/ RSTU)
6537,02%$,- +' 05'-+,//"1'/'-% +"-. 0' 0,#$- '.% &'#&3.'-%3' .2& 0" ﬁ12&' ()OV) W- #'2%
&'/"&B2'& .2& 8'%%' ﬁ12&' B25"2 #&'/$'& .%"+' M+3#0"8'/'-% $/#,.3X u = 0.2mmNX 05'-+,/:
/"1'/'-% '.% /"9$/2/ "2 -$7'"2 +' 0" .2&L"8' +' 0" Y,-' '-%"$003') H-.2$%'X 0" Y,-' 0" #02.
'-+,//"13' .' +3#0"8' #&,1&'..$7'/'-% 7'&. 0' 8'-%&' +' 053#&,27'%%' "7'8 0" 8&,$.."-8' +2
+3#0"8'/'-% $/#,.3) @'&. 0" ﬁ- +' 0" .$/20"%$,- M+3#0"8'/'-% $/#,.3X u = 0.6mmN 05'-:
+,//"1'/'-% .' 0,8"0$.' "2 8'-%&' +' 053#&,27'%%') 6" .$/20"%$,- -2/3&$B2' #&3+$% +,-8
05"/,&Z"1' +' &2#%2&' "2 8'-%&' +' 053#&,27'%%'X 8' B2$ '.% '- "88,&+ "7'8 0'. ,;.'&7"%$,-.
'9#3&$/'-%"0'. R[FU)
OEF
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
(u = 0.2mm) (u = 0.35mm)
(u = 0.4mm) (u = 0.45mm)
(u = 0.5mm) (u = 0.6mm)
 !"# ()67 8 9" :"&%' +'. $.,;"0'2&. +' 05'-+,//"1'/'-% #,2& #02.$'2&. -$;'"2< +' +3#0":'=
/'-% $/#,.3)
6>(
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
6537,02%$,- +2 /"$00"1' "2 8,2&. +' 0" .$/20"%$,- '.% $002.%&3' .2& 0" ﬁ12&' ():;) <- #'2%
&'/"&=2'& =2' >
• 0' /"$00"1' '.% &"ﬃ-3 +"-. 0" @,-' '-%"$003'A 85'.% B +$&' 0" @,-' '-+,//"13'A '% '.%
+3&"ﬃ-3 "$00'2&.) C' #02.A 0'. 303/'-%. .,-% #02. 3%$&3. +"-. 0' .'-. +' D"$E0' 1&"+$'-%
+5'-+,//"1'/'-% F+$&'8%$,- !,&$@,-%"0'G H
• 0' /"$00"1' '.% #02. &"ﬃ-3 +"-. 0'. @,-'. +' D,&%'. 7"&$"%$,-. +' 05'-+,//"1'/'-%) I-
'ﬀ'%A B +3#0"8'/'-% $/#,.3 (u = 0.2mm) 0' /"$00"1' '.% #02. ﬁ- 7'&. 0" .2&D"8' +'
05'-%"$00'A '% 7'&. 0" ﬁ- F +3#0"8'/'-% $/#,.3 u = 0.6mmG 0'. 303/'-%. 0'. #02. ﬁ-. .'
%&,27'-% "2 7,$.$-"1' +2 8'-%&' H
• 0" @,-' &"ﬃ-3' +'7$'-% +' #02. '- #02. #'%$%' "7'8 0' #!3-,/4-' +' 0,8"0$."%$,- +'
05'-+,//"1'/'-%)
I- &3.2/3A 8,//' 0' 8". #&383+'-% KCA -,2. "7,-. 2-' "+"#%"%$,- "-$.,%&,#' "2%,/"%$=2'
+' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-% #,2& 8' 8". LC) M,2& 0'. /N/'. &"$.,-. =25'-
KCA -,%&' .%&"%31$' +5"+"#%"%$,- +' /"$00"1' #'&/'% +,-8 +5"21/'-%'& 0" #&38$.$,- #,2& 0"
#&3+$8%$,- +' 05'-+,//"1'/'-% "7'8 2- %'/#. +' 8"0820 /$-$/"0 #,2& +'. 8,-ﬁ12&"%$,-.
%&$+$/'-.$,--'00'.)
(u = 0.2mm) (u = 0.4mm)
(u = 0.5mm) (u = 0.6mm)
 !"# ():; O 37,02%$,- +2 /"$00"1' "2 8,2&. +' 0" .$/20"%$,-)
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05'-+,//"1'/'-% =2.;25> 0" &2#%2&' #"& 0" .$/20"%$,- =2.;25> 0" &2#%2&' +2 0,#$-)
?'&. 0" ﬁ- +' 0" .$/20"%$,- '% 0,&. +' 05"##"&$%$,- +' 0" ﬁ..2&' "2 6'-%&' +2 0,#$-9 0'.
.A/3%&$'. 6,-.$+3&3'. #&363+'//'-% Bﬁ12&' ()CDE -' .,-% #02. <"0":0'.9 ,- 6,-.$+4&' +,-6 2-
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ﬁK' hmax = 1.5mm9 hmin = 0.15mm B0' &"%$, /"K$/2/ '-%&' 0'. "&L%'. +52- 303/'-% '.%
hmax
hmin
= 10E9 '% 05'&&'2& /"K$/"0' %,03&3' ǫ = 2.10−3)
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(u = 1.1mm)
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(u = 1.28mm)
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(u = 1.36mm)
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(u = 1.41mm)
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/,-%&' 0" C,&/' +' 0" &2#%2&' "$-.$ ,D%'-2')
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0' /,+' &2#%2&' '- C,&/' H82#I"-+I8,-'H -5'.% #". &'#&,+2$%)
 !"# ()@( J K3,/3%&$' >//AG 8,-+$%$,-. "2L 0$/$%'. '% /"$00"1' >MMNO( -P2+.A)
 !"# ()@B J Q,+' +' &2#%2&' +52- 0,#$- '-%"$003 '% 8"&%' +'. $.,:"0'2&. +' 05'-+,//"1'/'-%
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MMM
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
 !""!# $%&'()*)+, -./+ 0123+ )+ ,1++)'/
6537&".'/'-% +52- 0,#$-8 '- 9,&/' +' %,--'"28 '.% 052- +'. 7". %'.% 0'. #02. 2%$0$.3. #,2&
3%2+$'& 0" /$.' '- 9,&/' +'. /"%3&$"2: #"& +'. #&,73+3. +' 7,/#&'..$,- ;9,&1'"1'8 /"%&$<"1'8
) ) ) =)  ' 7". #'&/'% +' &'#&,+2$&' 053%"% +' 7,-%&"$-%'>+39,&/"%$,- ,?.'&@3 +"-. 7'. %A#'. +'
#&,73+3.)
 ' 7". %'.% #&3.'-%' +'. &3.20%"%. $-%3&'.."-%. 7,-7'&-"-% 0" B,-' +5"/,&<"1' +' 0" &2#%2&')
C- 13-3&"08 05"/,&<"1' +' 0" &2#%2&' .' #&,+2$% .2& 0" .2&9"7' ':%'&-' +2 0,#$-8 "2 -$@'"2 +'
0" !"2%'2& /,A'--')  !"#$"% %& $'( DEFG ,-% /,-%&38 #"& ':'/#0'8 H2' 0' /,+40' +5'-+,//"I
1'/'-% +' 6'/"$%&' .%"-+"&+ #&3+$% 2-' 3@,02%$,- $/#,&%"-%' +' 05'-+,//"1'/'-% "2 7'-%&'
+2 0,#$-)  '7$ '.% '- +3."77,&+ "@'7 0'. ,?.'&@"%$,-. ':#3&$/'-%"0'.) C- 'ﬀ'%8 )*+,%-$ %& $'(
DKLG ,-% 7,-.%"%3 H2' 05"##"&$%$,- +' 0" ﬁ..2&' .' .$%2' .2& 0" 7,00'&'%%' "2 -$@'"2 +' 0" !"2%'2&
/,A'--')
N"-. -,%&' 7".8 7' 7". %'.% '.% 2%$0$.38 +52-' #"&%8 #,2& /,-%&'& H2' 0' /,+40' +5'-+,/I
/"1'/'-% +' 6'/"$%&' #&3.'-%3 "2 7!"#$%&' 1 #'&/'% 2-' #&3+$7%$,- #&37$.' +' 053@,02%$,-
+' 05'-+,//"1'/'-% '% +' 0" B,-' +5"##"&$%$,- +' 0" &2#%2&' #,2& 7' %A#' +' 7,-ﬁ12&"%$,-.)
N5"2%&' #"&%8 #,2& $002.%&'& 05"+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'I
/'-% .2& 7' 7". 3D)
O,2. 'ﬀ'7%2,-. 2-' .$/20"%$,- '- 3D .2& 2- H2"&% +2 0,#$-) 6" 13,/3%&$'8 0'. 7,-+$%$,-.
"2: 0$/$%'. '% 0" +$.7&3%$."%$,- 303/'-%. ﬁ-$. .,-% #&3.'-%3. .2& 0" ﬁ12&' ()EP)
 !"# ()EP Q R3,/3%&$' ;//= '% 7,-+$%$,-. "2: 0$/$%'. DS(G
6' 0,#$- '.% +$.7&3%$.3 '- %3%&"4+&'.) 6' /"$00"1' $-$%$"0 7,-%$'-% FTUE -V2+.8 ,- ﬁ:'
SSE
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
hmax = 1.5mm hmin = 0.1mm !"# $%&'( )%*')+) #,&$# "#- %$.&#- /0+, 1"1)#,& #-&
hmax
hmin
=
152 #& "0#$$#+$ )%*')%"# &("1$1# ǫ = 1.10−23
4, ')5(-# %+ "(5', +, /15"%6#)#,& 7#$&'6%" 8+-9+0: "% $1/+6&'(, /# 65% /# -% ;%+&#+$
&(&%"#3 <% 7%"#+$ /+ 5%$%)=&$# /# >#$)#&+$# /# ﬁ--+$#- #, 6()5$#--'(, #-& ﬁ*1# : h = 0.023
<# "(5', #-& 6(,-&'&+1 /# 5"()@ ABC <DEFGD %7#6 "#- 5%$%)=&$#- )%&1$'%+* 5$1-#,&1- /%,- "#
&%@"#%+ -+'7%,& H
I#-6$'5&'(, CJ)@("# K%"#+$
L%--# 7("+)'9+# ρ 11340kg/m3
L(/+"# /01"%-&'6'&1 E 18000MPa
M(#ﬃ6'#,& /# O('--(, ν G3P
Q6$(+'--%R# '-(&$(5# σ0(r) 66.66(0.0133 + r)
0.10158 MPa
S,/())%R#)#,& 6$'&'9+# : $+5&+$# wc T
C#+'" /# /1>($)%&'(, εd G
O%$%)=&$# /0#,/())%R#)#,& !#*5(-%,&2 b T
O%$%)=&$# /0#,/())%R#)#,& !/1,()',%&#+$2 S0 1.5MPa
<(,R+#+$ 6%$%6&1$'-&'9+# lc 0.05mm
 !"# P3E U O$(5$'1&1- )%&1$'%+ 5(+$ +, %""'%R# /# 5"()@ ABC <DEFGD VTPW3
<#- ﬁR+$#- P3EX P3EY #& P3ZG 5$1-#,&#,& "#- '-(7%"#+$- /# "0#,/())%R#)#,& : /#- ,'7#%+*
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)'#$ 6;%5'&$# (−1/3)3 M#"% #*5"'9+# "# >%'& 9+# "0#,/())%R#)#,& ,017("+# 5%- /%,- 6#&&# \(,#3
O(+$ +, ,'7#%+ @'#, %7%,61 /016$%-#)#,& /+ "(5', "0#,/())%R#)#,& #-& 6(,6#,&$1 %+
,'7#%+ /+ @()@1 #& "#- $1-+"&%&- -(,& @'#, 6(,>($)#- : 6#+* /# "% "'&&1$%&+$# VEX YDW3
A,# %/%5&%&'(, %,'-(&$(5# /# )%'""%R# %+ 5;1,()=,# /0#,/())%R#)#,& #-& @'#, '""+-^
&$1# %+ 6(+$- /# "% -')+"%&'(,3 <# )%'""%R# #-& $%ﬃ,1 /%,- "#- \(,#- /# >($&# 7%$'%&'(, /#
"0#,/())%R#)#,& #& #-& /1$%ﬃ,1 %'""#+$-3 I# 5"+- "#- 1"1)#,&- -(,& 1&'$1- /%,- "#- /'$#6&'(,-
/# >%'@"# R$%/'#,& /0#,/())%R#)#,&3
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 !"# ()67 8  "&%' +'. $.,9"0'2&. +' 05'-+,//"1'/'-% : 6;)<= +' &3+2>%$,- +' 0" !"2%'2& +'
053#&,29'%%')
 !"# ()6? 8  "&%' +'. $.,9"0'2&. +' 05'-+,//"1'/'-% : (7= +' &3+2>%$,- +' 0" !"2%'2& +'
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@@(
 !"#$%&' () *+"#%"%$,- "-$.,%&,#' +' /"$00"1' "2 #!3-,/4-' +5'-+,//"1'/'-%
 !"# ()67 8  "&%' +'. $.,9"0'2&. +' 05'-+,//"1'/'-% : ;;)(<= +' &3+2>%$,- +' 0" !"2%'2&
+' 053#&,29'%%')
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+5'-+,//"1'/'-% 9&33 #"& 0' #!3-,/4-' +' 0,9"0$."%$,-) 652%$0$."%$,- +2 /,+40' +5'-:
+,//"1'/'-% -,- 0,9"0 D38'-%2'00'/'-% 2-' "2%&' /3%!,+' +' &3120"&$."%$,-EA '.% -3:
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